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Probability density function and ‘‘plus’’ and ‘‘minus’’ structure functions
in a turbulent channel flow
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We consider the statistical properties of the longitudinal velocity increments in a turbulent channel flow at
different distances from the wall. The probability density function~PDF! of the velocity difference of the
streamwise component near the wall are found to be, especially at small scales, strongly skewed, showing a
very long left tail. We consider ‘‘plus’’ and ‘‘minus’’ structure functions and compute separately the statistics
for the right and left part of the PDF. It is found that the relative scaling exponents for the right tail are less
affected by the presence of the wall and their values are consistent with the ones found in experiments in
homogeneous and isotropic turbulence. A simple phenomenological model that explains the results obtained is
also given.
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Recently, a number of papers on the intermittency pr
erties of the streamwise velocity component in turbul
channel flow have been published@1–5#. A major finding,
consistent with all the work published, is that a depende
of the scaling exponent,zp , on the distance from the wall i
observed through the extended self-similarity~ESS! @6#. A
similar result has been obtained from experimental data
magnetically confined turbulent fusion plasma@7#. Moreover
in @1#, using an eduction method based on the wavelet tra
form, it was found that strong velocity gradients are resp
sible of the increase of intermittency close to the wall.
none of the cited papers the asymmetry of the probab
density functions~PDF’s! of the longitudinal velocity incre-
ments has been investigated. A different approach that ta
into account the contribution of anisotropy has been int
duced by Aradet al. @8#. They decompose the structure fun
tions into their irreducible representation of the SO~3! sym-
metry group and their finding is that the isotrop
contribution has a wide scaling region and is universal. Th
analysis has been performed at the center and at one fo
of the channel height. Nevertheless, it has to be pointed
that close to the wall, besides effects of anisotropy, a dif
ent dynamics should occur due to the presence of the w
One of its major effects is the creation of coherent structu
such as ‘‘low’’ and ‘‘high’’ speed streaks and streamwi
vortices. Their dynamics, as anticipated in@1#, must, in some
way, influence the shape of the PDFs and the values of
relative scaling exponents.

In this Rapid Communication we focus our attention
the asymmetry of the PDFs of the longitudinal velocity i
crements. The analysis is carried out by means of the ‘‘plu
and ‘‘minus’’ structure functions at different distances fro
the wall. We provide tentative evidence that the statistics
the positive velocity increments is less affected by the pr
ence of the wall. Moreover, we give a possible explanat
of this behavior in terms of the dynamic of coherent stru
tures concentrated in the near wall region. The ESS is u
as a statistical method for characterizing and comparing
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at different distances from the wall.
The experiment has been carried out in a rectangular c

section channel, 7 m long, 70 mm high, and 300 mm wide
arranged in five plexiglas modules. The Reynolds num
based on the mean velocity at the center of the channel
on the channel half height was 10 800 which correspond
Ret5510 (Ret is the Reynolds number based on the fricti
velocity!. Validation of the data set for basic statistical qua
tities such as mean, rms, skewness and flatness are sho
@1#. Data have been taken at different positions in they1

coordinate that is the coordinate normal to the wall~super-
script 1 indicates that quantities are in wall units!. We con-
centrate our analysis in the buffer layer (y157, 10, 15, 28,
and 35! and almost at the center of the channel (y15218
and 310!. In Fig. 1 we show the PDFs of the streamwi
velocity difference aty15218 for different values of the
scaler 1 ~variation in time are converted into space variati
with the Taylor hypothesis!. The PDF continually changes it
character as the separationr 1 varies: from a quasi-Gaussia
curve, whenr 1 is comparable to large scales, to some exp

FIG. 1. PDFs of the streamwise velocity differences~centerd at
mean and renormalized by rms! at y15218.
©2001 The American Physical Society02-1
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nential curve for smallerr 1. A slight asymmetry, consisten
with the description of the homogeneous isotropic turb
lence, is evident in all the PDFs shown in the figure. In F
2 we report the PDF of the velocity difference aty1515.
For small r 1 the PDFs are strongly asymmetric with lon
left tails, for large scales the behavior is quasi-Gaussian
order to quantitatively investigate on the features of
asymmetry, we compute the skewness of the PDF for dif
ent values of the separation distancer 1. Results are shown
in Fig. 3 where we plot the skewness factor fory1515 and
y15218. The scale ranges from the minimum value allow
by the sampling frequency, up tor 15100. In both cases the
skewness is negative but close to the wall it reaches hig
negative values in comparison to the data at the center o
channel. Furthermore, we have split the process in pos
and negative differences and have computed their stati
separately. In Fig. 4 we show the skewness factor fory1

515 andy15218 for positive and negative velocity differ
ences. It is interesting to notice that, for positive differenc
the skewness factor, up to measurement errors and for
considered scales, seems qualitatively independent from
y1 coordinate.

In order to investigate in more details the difference b
tween the positive and negative velocity differences
study the intermittency features by considering the ‘‘plu
and ‘‘minus’’ structure functions in the following way:

FIG. 2. PDFs of the streamwise velocity differences~centered at
mean and renormalized by rms! at y1515.

FIG. 3. Skewness factor for differenty1 as a function ofr 1.
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where Dur5u(x1r )2u(x). A similar definition has been
previously used in@9# and @10# for studying asymmetry of
velocity increments in fully developed turbulence. As
Refs.@1–3# we have adopted the ESS and have analyzed
ESS local slopes. In Fig. 5 we consider the ESS local slo
for the fourth-order full structure function (dS4 /dS3) at dif-
ferent measurement points. It is clear from the plot that cl
to the wall and at the center of the channel the relative s
ing takes two different values: at the center of the chan
the values are consistent with the homogeneous and isotr
turbulence (z451.28); close to the wall the scaling expone
is much smaller and reaches the value ofz451.20 or less
~see@1#!. In Fig. 6 we plot the local slope for the ‘‘minus’
fourth-order structure function (dS4

2/dS3
2). The behavior of

the ‘‘minus’’ structure function is very similar to the on
computed with the full structure function, see Fig. 5. In F
7 the local slope for the ‘‘plus’’ structure function is plotte
as a function ofr 1 at different distances from the wall. From
the plot it appears that all lines are almost horizontal and
comprised betweendS4

1/dS3
151.26 and 1.28. Two remark

are necessary at this point:~i! scaling exponents for the
‘‘plus’’ structure function are almost independent from th
distance from the wall,~ii ! the average value of the loca
slope for differenty1 is consistent with most of the exper

FIG. 4. Skewness factor for differenty1 as a function ofr 1 for
negative and positive velocity differences.

FIG. 5. ESS local slopes at different distances from the wal
a function ofr 1.
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ments in homogeneous and isotropic turbulence. The s
analysis on local slopes have been conducted on struc
functions of different order: the results obtained are in agr
ment with the ones just presented and therefore are no
ported.

In order to explain our findings, we briefly recall some
the features of the buffer layer dynamics. As previously m
tioned, the near wall field is characterized by turbulent str
tures such as ‘‘low’’ and ‘‘high’’ speed streaks. These stru
tures, discovered experimentally by flow visualisation
Kline et al. @11#, consist of sinuous elongated regions who
velocity is respectively lower and higher than the mean o
Today it is well known that such structures are, on avera
1000 wall units long and have a spanwise wavelength
around 100 wall units. As explained in@12,13#, their dy-
namic is strictly connected with the one of the streamw
vortices that populate the buffer region and is fundame
for the maintenance of turbulence in wall bounded flow
With simple conditional averaging techniques it is possi
from numerical simulations or optical experimental metho
to individuate the mean shape of a speed streak@14#. A
sketch of a typical mean low speed structure in ax-z plane (x
is the streamwise direction andz is the spanwise one! is
shown in Fig. 8~a! ~notice that the curved region is accent
ated!. Streamwise velocity gradients are located in front,
the back and wherever the streak has a knee~streaks are no
perfectly straight!. In Fig. 8~c!, the strongest positive an
negative velocity gradients, estimated in the regions in

FIG. 6. ESS local slopes for the ‘‘minus’’ structure function
different distances from the wall as a function ofr 1.

FIG. 7. ESS local slopes for the ‘‘plus’’ structure function
different distances from the wall as a function ofr 1.
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viduated by circles~open circles for negative gradients an
closed circles for positive gradients!, are also sketched. If a
a hypothetical timet50 the low speed streak would exhib
the same longitudinal velocity gradient~in absolute value! at
its head and at its tail, because of the relative velocity of
streak itself with respect to the mean flow, at a success
time the gradient at the tail would increase its steepn
forming structures which areshocklike, while at the head the
gradient would decrease. This is also true in the region in
viduated by an open circle in Fig. 8~a! where the streak is no
perfectly straight. In other words, a fluid particle located
the tail of a low speed streak moves slower than an upstr
high-speed fluid particle, causing the distance between th
to decrease in time, thereby creating a steeper gradient~see,
for example, the ramp-model in@9#!. For positive]u/]x re-
gions, the high-speed fluid downstream moves faster than
low-speed fluid upstream, so that]u/]x decreases. There
fore, the highest longitudinal velocity gradients~absolute
value! occur presumably more often at the tail of the lo
speed streak where]u/]x,0. An analogous argument ca
be applied to high speed streaks; see Fig. 8~b!. As in the
previous case, strong velocity gradients, which are now
located at the head of the structure, are more probable t
negative. As a consequence, both high- and low-sp
streaks bring high negative velocity gradients, theref
higher negative velocity differences are more probable
occur with respect to the positive ones, giving rise to t
skewed PDF for small scales~Fig. 2!. For y1.70 the
streaky structure is almost absent~see, e.g.,@14#!, gradients
are smoother and the statistics of the velocity differences
more similar to homogeneous and isotropic flows.

To summarize, we have found that the PDFs at sm
scales in the buffer region are strongly asymmetric. T
asymmetry has been studied by the ‘‘plus’’ and ‘‘minus
structure functions, which highlighted that negative diffe
ences give a leading contribution to the scaling exponen
the full structure function: results from ESS statistics of t
complete time series are comparable with the ones comp
for only negative differences~see Figs. 5 and 6!. Moreover
the ESS statistics for the positive differences are in acc

FIG. 8. Sketch of a low-speed streak~a! and a high-speed strea
~b! with associated velocity gradients~c! estimated in points indi-
viduated by closed and open circles.1 and 2 symbols indicate
regions of positive and negative velocity fluctuations.
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dance with the ones obtained in homogeneous and isotr
flows. We have related these statistical observations to
geometrical properties of the low- and high-speed strea
‘‘Plus’’ and ‘‘minus’’ structure functions provide a suitabl
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tool for investigating nonhomogeneous and nonisotropic
bulent flows.
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